Introduction
A countably in nite rst-order structure M is !-categorical if every countable N which has the same rst-order theory as M is isomorphic to M. By a theorem due independently to Engeler 8] , Ryll-Nardzewski 14] and Svenonius 19] , this is equivalent to the condition that Aut M has nitely many orbits on M n for all positive integers n. It is well-known that !-categorical algebraic structures are often intimately related to boolean algebras. As examples, we mention Theorem 1.3, which is used later, and also the following theorem of J.S. Wilson (proved in 3]), which partly motivates our work. THEOREM 1.1 (Wilson) Let G be an !-categorical characteristically simple group. Then one of the following holds.
i. G is elementary abelian; ii. G is a boolean power of a nite simple group by the countable atomless boolean algebra, or by the countable atomless boolean ring without 1;
iii. G is a perfect p-group for some prime p.
The notions in (ii) will be discussed below. Wilson has conjectured that there are no examples of type (iii).
In this paper, we prove the following related but more model-theoretic result. Recall that a ( rst-order) structure N is interpretable in a structure M if there is a positive integer n, a de nable subset A of M n (that is, the solution set of a formula, possibly with parameters), and a de nable equivalence relation E on A, such that the domain of N is the set A=E of E-classes and the relations, functions and constants of N are de ned by formulas over M (so, for example, an r-ary relation in N should come in the natural way from a subset of A r de ned by a formula with nr variables). We use the words 0-de nable, 0-interpretable if no parameters are used in the formulas. See any standard text in model theory for more detail. THEOREM 1.2 Let G be an !-categorical group which is soluble but not nilpotentby-nite. Then the countable atomless boolean algebra is interpretable in G.
The obvious examples of soluble but not nilpotent-by-nite groups are boolean powers (by, say, the countable atomless boolean algebra) of a nite soluble but non-nilpotent group, and Theorem 1.2 suggests that these examples are typical (see Question 4.2). There are many di erent kinds of !-categorical nilpotent groups. For example, Felgner 10] showed that extra-special p-groups are !-categorical, and Saracino and Wood 15] constructed 2 @ 0 pairwise non-isomorphic !-categorical nilpotent groups of class 2 and exponent 4. Further examples can be found in 4].
The theorem suggests an analogy with groups of nite Morley rank, where algebraically closed elds play the role of boolean algebras. In the context of nite Morley rank, it seems that there can be no good structure theorems for nilpotent class two groups (see 5] for a exible construction technique). Also, in any soluble group of nite Morley rank which is not nilpotent-by-nite there is, by a theorem of Zil'ber 22], an interpretable algebraically closed eld. And, analogous to the conjecture of Wilson mentioned after Theorem 1.1 above, we have the Cherlin-Zil'ber Conjecture, that any in nite simple group of nite Morley rank is a Chevalley group over an algebraically closed eld.
We now discuss boolean powers, which are in the background of this paper. Let M be an !-categorical structure in a rst-order language L, and endow M with the discrete topology. Also, let S be the Stone space of an !-categorical boolean algebra B. The boolean power M B] of M by B is an L-structure whose domain consists of all continuous functions from S to M. We think of elements of M B] as sequences, indexed S, with entries in M. Relations, functions, and constants of M B] are de ned in the natural way coordinatewise (so a boolean power of a group is a subgroup of the cartesian power indexed by S). The automorphism group of M B] contains, acting in each coordinate, the boolean power of Aut M, and Aut B has an induced action on S so permutes the coordinates. It is easily checked that the semidirect product Aut M B]: AutB, in its action on M B], has nitely many orbits on n-tuples for all n, so by the Ryll-Nardzewski Theorem, M B] is !-categorical.
There is a generalisation of the boolean power construction. Suppose that C 1 ; : : :; C n are closed subsets of the Stone space S (so these will correspond to ideals in B) and let X 1 ; : : :; X n be substructures of M. The substructure of M B] consisting of those functions f such that f(C i ) X i for i = 1; : : : ; n is called a ltered boolean power of M by B. The boolean power mentioned in Theorem 1.1(ii), involving a nite simple group S and the countable atomless boolean ring without a 1, can also be regarded as a ltered boolean power in this sense. It arises by taking the Cantor set (the Stone space of the countable atomless boolean algebra), xing some x 0 2 C (and of course the corresponding singleton is closed) and taking the set of all continuous maps from C to S which map x 0 to 1.
We can now quote a theorem of Macintyre In fact, let M be any group, and suppose that M B] has a nilpotent normal subgroup F of nite index. Then the projection of F onto some coordinate is surjective (by the nite index assumption) and it follows that M is nilpotent.
We remark that !-categorical boolean algebras are exactly the countably innite boolean algebras with just nitely many atoms. There is a unique countable atomless boolean algebra, and its Stone space is the Cantor set. For any positive integer k, there is also a unique countably in nite boolean algebra with k atoms. It consists of the direct product of the atomless boolean algebra with the nite boolean algebra on k atoms. For more on !-categorical boolean powers, see for example 20], 16], 12], 9] or 2]. Section 2 of this paper consists of a reduction in the proof of Theorem 1.2. We reduce to the case when G has a normal in nite elementary abelian p-subgroup V , the group H := G=V is an in nite abelian r-group (with p and r distinct primes), and C G (V ) = V , with V a cyclic F p H-module. Then in section 3 we prove the theorem, essentially by showing that a ring related to the group ring F p H is de nable, and then applying Theorem 1.3. Section 4 consists of a discussion of corollaries and possible extensions.
We record in the next result some elementary facts about !-categorical groups which will be used repeatedly and without explicit reference. These results are immediate consequences of the Ryll-Nardzewski Theorem. The bulk of Theorem 1.2 was proved by the rst author in the last chapter of his Ph.D. thesis 2]. There, Theorem 1.2 was proved for metabelian groups. The loose end (essentially, part of the reduction to the case when G=V is abelian) was sorted out later, in early 1995. We are very grateful to John Wilson for numerous conversations and suggestions, and in particular for pointing out Lemma 3.1, which simpli ed the earlier proof.
Reductions
The assumption in this section is that G is an !-categorical soluble group which is not nilpotent-by-nite. We prove a series of reduction lemmas which eventually yield Proposition 2.10 below. The reductions are cumulative, in the sense that assumptions justi ed in each lemma can also be assumed to hold after the reductions in the subsequent lemmas (though this is not made explicit at each step).
LEMMA 2.1 We may assume that G has an in nite de nable abelian normal subgroup A, and that G=A is nite-by-abelian.
Proof. To prove this lemma, we prove Theorem 1.2 under the following assumption (*): (*) if H is an !-categorical, soluble, but not nilpotent-by-nite group with an in nite de nable abelian normal subgroup B such that H=B is nite-byabelian, then there is an in nite boolean algebra interpretable in H. We shall suppose for a contradiction that (*) holds but that Theorem 1.2 is false, and that G is a counterexample of minimal derived length, r say. Let A := G (r? 1) , and for any K G=A let K denote the preimage of K under the natural map G ! G=A. The group G=A is !-categorical, soluble, interpretable in G, and of derived length r ? 1, so by the minimality of r the group G=A is nilpotent-bynite. Let F be the Fitting subgroup of G=A. Then F is a 0-de nable subgroup of G of nite index. Let F = Z c > : : : > Z 1 > Z 0 = 1 be the upper central series of F. Then each Z i is 0-de nable in G.
We shall show by induction on t that each group Z t has a 0-de nable nilpotent subgroup Y t of nite index. It will follow that G is nilpotent-by-nite, a contradiction. Clearly the induction starts, so assume the result holds for some t < c. Since For the rest of the paper, put H := G=A. to verify that a commuting product of nitely many nilpotent-by-nite groups is nilpotent-by-nite). The lemma follows, since we may replace G by the corresponding H i .
LEMMA 2.4 We may assume that A is an abelian p-group (p a prime).
Proof. Let A := P 1 P s where the P i are Sylow subgroups, and for each i = 1; : : : ; s let K i := P j6 =i P j . Since K 1 \ \ K s = 1 and G is not nilpotent-by-nite, it follows easily that for some i 2 f1; : : :; sg the group G=K i is not nilpotent-by-nite. The lemma follows by replacing G by G=K i (since A=K i = P i ).
LEMMA 2.5 We may assume that r 6 = p.
Proof. If r = p then G is a p-group, so is locally nilpotent. This is impossible, however, for by (8) Claim. There is v 2 V n f0g such that C H (v) is in nite.
Proof of claim. It su ces by the Ryll-Nardzewski Theorem to show that there is no nite upper bound on the size of centralisers C H (v). Let m denote the exponent of H, and n be a positive integer. By the previous claim, there is a nite abelian subgroup N of H of order at least nm. Let W be an irreducible F p N-submodule of V . Then by Schur's Lemma, N induces on W a cyclic group, and this must have order at most m. Hence jC N (W)j n, so if w 2 W n f0g then jC H (w)j n.
To complete the proof of the lemma, pick v 2 V n f0g such that C H (v) is in nite. Then C H (v) is an in nite de nable subgroup of H, which is disjoint from the centre K of H (since K acts xed-point-freely on V n f0g). Since H has class two, it follows that C H (v) is abelian. Hence we obtain the lemma by replacing H by C H (v).
LEMMA 2.8 There is v 2 V such that jH : C H (v)j is in nite.
Proof. Suppose for a contradiction that for all v 2 V the group C H (v) has nite index in V . Then each v 2 V lies in a nite H-invariant subspace of V . We can now apply Proposition 3.4 of 13]. This asserts that in our present situation (or more generally, an !-categorical group G with a characteristic subgroup V which is a vector space over F p , with H := G=V a nilpotent group with no elements of order p, and with V a sum of nite-dimensional F p H-modules) the group H=C H (V ) is nite. This contradicts Lemma 2.2. The following lemma was pointed out to us by J.S. Wilson, and gives a simpli cation of our earlier proof. LEMMA 3.1 (Wilson) Let q be a prime, and let L be a periodic abelian group whose elements all have order coprime to q. Let 
Corollaries and Questions
We discuss here some consequences and possible generalisations of Theorem 1.2.
By the Ryll-Nardzewski Theorem, if M is !-categorical then for any positive integer k the number f k (M) of k-types of the theory of M (that is, the number of orbits of Aut M on M k ) is nite. Sequences closely related to (f k ) have been heavily studied -see for example 6] and 7]. By a direct counting argument 6], the growth rate is at most exponential-to-the-polynomial for structures M which are homogeneous in a nite relational language, and by a theorem of P. Steitz 18] , a similar result holds for !-categorical !-stable structures. By contrast, the following result (together with Theorem 1.1) gives much faster growth for !-categorical groups which are not nilpotent-by-nite and do not involve a nontrivial perfect p-group. Next, recall the model-theoretic notion of independence property (see P.69 of 17]), and the analogous notion of strict order property. It was shown in Theorem 1.2 of 13] that any !-categorical group which does not have the strict order property is nilpotent-by-nite. We do not know whether any !-categorical group which does not have the independence property is nilpotent-by-nite. Theorem 1.2 reduces this to proving that any !-categorical perfect p-group has the independence property. To see this, observe that by Theorem 1.2, any !-categorical soluble group which is not nilpotent-by-nite has the independence property (for in nite boolean algebras have the independence property), and apply Theorem 1.1.
It would be nice to nd a group-theoretic version of Theorem 1.2, analogous to Theorem 1.3. We therefore pose the following question, suggested also in Section 6 of 21]. QUESTION 4.2 Let G be an !-categorical group which is soluble but not nilpotentby-nite. Does it follow that G has de nable normal subgroups N; M with N < M such that M=N is isomorphic to a boolean power (by an in nite boolean algebra) of a soluble but not nilpotent group?
